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The steady streaming generated in a pipe of slowly varying cross-section when
a purely oscillatory pressure difference is maintained between its ends is con-
sidered. It is assumed that the perturbation of the pipe wall in the 7,0 plane is
small compared with the characteristic thickness of the Stokes layer associated
with the oscillatory motion of the fluid. The first-order steady streaming is
evaluated for the cases when this characteristic thickness is large and small
compared with a typical radius of the pipe. In both these limits it is found that
the geometry of the pipe is crucial in determining the nature of the induced
steady streaming. If the ends of the pipe have the same mean radius it is found
that the steady streaming consists of regions of recirculation between the nodes
of the pipe. Otherwise the steady streaming is of a larger order of magnitude and
has a component which represents a net flow towards the wider end of the pipe.

1. Introduction

When a purely oscillatory viscous flow is set up over a curved surface the
Reynolds stresses associated with the oscillatory motion of the fluid in the
Stokes layer at the surface generate a steady component of velocity which
persists away from the layer because of the action of viscosity. Several authors
have discussed this type of flow adjacent to a circular cylinder (see for example
Schlichting 1932; Riley 1965; Stuart 1966). Similar mathematical and physical
ideas arise in the study of water waves (see Longuet-Higgins 1953). More recently
Lyne (19715) has used the method of conformal transformation to investigate
the steady streaming induced by an oscillatory viscous flow adjacent to a wavy
wall.

We shall use what is often called ‘lubrication theory’ to obtain the first-order
steady streaming generated by a purely oscillatory pressure difference main-
tained between the ends of a pipe of slowly varying cross-section. Essentially
the method requires that as well as the pipe cross-section varying slowly a modi-
fied Reynolds number associated with the flow be small. Manton (1971) has
considered the corresponding steady problem by a similar method. Ramachandra
Rao & Devanathan (1973) have recently considered pulsatile flow in pipes of
slowly varying cross-section. We postpone a discussion of their work until the
end of this section.

14 FLM 64



210 P. Hall
Suppose that the pipe is defined in eylindrical polar co-ordinates (r,8,2) by
0 < 7 < Do{R(z[L)+€eS(z/L)cos MO}, 0<z< KL, (1.1a,d)

where M clearly must be an integer, which we assume to be positive, This corre-
sponds to a pipe which, for a given value of z, has its maximum radius at the
points where cos M6 = 1 and minimum radius at the points where cos M0 = — 1
if S(z/L) is positive and vice versa if it is negative. We consider only pipes which
are slightly non-axisymmetric in the sense that ¢ is assumed small in the follow-
ing work. It is clear that pipes of more general shape can, as long as they are only
slightly non-axisymmetric, be treated by Fourier analysing the § dependence
of the pipe radius. It is of interest to notice that the case M = 2 corresponds to
a pipe with an elliptical cross-section of small eccentricity. The major and
minor axes at any value of z are given by the lines 8 = 0, 47 respectively if S(z/L)
is positive and vice versa if it is negative.

We define a parameter § representing the order of magnitude of the rate of

change of the pipe radius by
0 = D¥/L? (1.2)

where D, and L are characteristic lengths in the r and z directions respectively.
We assume throughout that
d<1. (1.3)

If @ is the frequency of the applied pressure difference and v is the kinematic
viscosity we define a frequency parameter o by

o = wD}/v. (1.4)

Thus o-% represents the ratio of the characteristic thickness of the Stokes
layer formed by the oscillatory motion of the fluid to the typical radius of
the pipe. We assume that ¢ is such that

eot < 1 (1.5)

so that the perturbation of the pipe wall in the r, f plane is small compared with
the characteristic thickness of the Stokes layer.

If U,is a typical axial velocity, brought about by the driving pressure difference,
then we define a modified Reynolds number R,; by

Ry = U, D3/ Lv. (1.6)

R, is taken to be small throughout this work. It is clear that U, will be propor-
tional to the amplitude of the applied pressure difference. The procedure adopted
below is as follows.

In §2 we formulate the non-dimensional equations governing the flow and
determine the so-called ‘Stokes flow’ by putting the parameters R, and §
equal to zero. The steady streaming first appears in the order-R,, correction
to the Stokes flow and this is evaluated in the high and low frequency limits in
§$3 and 4 respectively. In §5 we give a brief discussion of the results obtained



Unsteady flow in a pipe of varying cross-section 211

in the previous two sections and the relevance of these results to some physio-
logical flows.

Having given a brief description of the work presented in this paper we now
discuss the work of Ramachandra Rao & Devanathan (1973). These authors
considered pulsatile flow in pipes of slowly varying radius. They assumed that
the ratio k of the orders of magnitude of typical oscillatory and steady axial
velocities was small. They then obtained a solution by expanding the stream
function in powers of k£ and parameters corresponding to K,, and 8. (The para-
meters corresponding to B, and & are in fact R,e and €? in their notation.) The
terms in the expansion evaluated by them were those of order 1, By, k and R, k.
The first two of these terms are clearly steady and are identical to those evaluated
by Manton (1971) and Hall (1973). The order-% term in the expansion of Rama-
chandra Rao & Devanathan is oscillatory and can be shown to be the order-one
term of our expansion. The remaining term evaluated by them is another oscil-
latory term and is produced by the nonlinear interaction of the order-E;, and
order-k terms. The steady streaming terms would first appear at order Ry, %% in
their expansion and, as stated earlier, were not evaluated by them. It should be
said that the condition that 4 be small is not required in order to solve their
problem. It can be shown that the work presented in this paper can be easily
combined with the work on the steady problem given in the author’s thesis
(Hall 1973) to obtain a solution to the pulsatile flow problem.

2. Equations of motion and the Stokes flow

We consider viscous incompressible flow in a pipe defined in cylindrical polar
co-ordinates by (1.1). We define p, v, p and ¢ to be the pressure, kinematic vis-
cosity, density and time respectively. We assume that the pressure difference
between the ends is given by

P(R(K) +eS(K)cos M0,0, KL,t)— p(B(0) +e8(0)cos M0, 0,0,t) = Cysinwt. (2.1)

We shall in fact see that to the order in B, and § to which we work p is indepen-
dent of r and so it is not necessary to specify the pressure in (2.1) evaluated at the
pipe wall. However at higher order this is not the case and p is a function of #,
thus requiring the boundary condition to be specified at the pipe wall. We
define dimensionless variables 7, 7 and { by

T=0wt §=rlDy, {=2zL. (2.2a, b, ¢)
If (u, v, w) is the velocity vector corresponding to (r, 0,z) we define a dimension-
less velocity by @b, f) = (8-3T,) (u, v, 84w), (2.3)
where U, is again a typical velocity along the pipe. We define a dimensionless
pressure p* by p+ = pDyJprLT,. (2.4)
The momentum and continuity equations can then be written in the form
o—aa 2+ Rydlg ag zgg fzg—% = ag; S {VI— B g Qfgg 52 %, (2.5a)
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(2.5b)

of of hof of ve 2O
05;+R {9977+1730+f g} aC +V2f4d—= A (2.5¢)

) oh  of
taptiz =0 2.5d
o 19 F 5 Mz (2.5d)
where V2 = 2[on? +q~8fen + 262 [60*

and 8, o and R, are as defined by (1.2), (1.4) and (1.6) respectively. These equa-
tions must be solved subject to there being no relative velocity at the pipe wall.
Thus we require that

g=h=f=0 at 7= R()+eS({)cos M0, (2.6a, b, c)
and from (2.1) it follows that
pt(R+eScos M0,6,K,7)—pT(R+eScos M6,0,0,7) = asinT, (2.7

where a is defined by

o = Cy Di/pv LU}, (2.8)

The remaining conditions required to specify the problem completely are kine-
matical in origin. We require that, at # = 0, p* and f must be independent of §,
whilst ¢ and & must vary like cosf and sin 0 there. A helpful reference where
these conditions are discussed in more detail is Batchelor & Gill (1962).
We seek a solution of the system just specified by expanding g, f, k and pt
in the form
g = Goo+€Goy + Ry Gyy+€Ry Gy + OO Ry, €2), ete. (2.9)

The Stokes flow is then obtained by putting the parameters R,, and ¢ equal to
zero everywhere. We now solve for this flow up to and including terms of order .
We first write

Goo = Hgoo€” +Jooe ™} ete., (2.10)

where a tilde denotes a complex conjugate and the functions fy,. g, fgo and
Dgo are all independent of 7. If we substitute for G/, etc., from (2.10) into (2.9)
and then substitute the resulting expressions into (2.5) and equate terms of
order unity which are proportional to " we obtain

OPoo/ 01 = OPgo/30 = 0, (2.11a, b)

0Poo/08 = {V2—107} foo, (2.1t¢)
4 ohy afoo P
3—7’(77900)+ 0 4= 3t = 0. (2.11d)

Thus we see that p,, is independent of » and 0, and we can use (2.11¢) to show
that if solutions of Bessel’s equation which are singular at # = 0 are rejected
then fy, is given by

Joo = —Doof10 + Aoy Jo(s7), (2.12)
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where we have rejected all f-dependent solutions. The vanishing of these terms
would otherwise be obtained by applying the boundary conditions. From now
on a prime (except on a Bessel function) denotes a derivative with respect to £,
and s is defined by s = (—io)k. (2.13)

The coefficient 4,, appearing in (2.12) is a function of { and will be determined
later. If we now substitute for f, from (2.12) into (2.11d) we can show that

19 16hoy _ Poo
nd”(ng00)+77 o0 = T

In order to solve for gy, and k,, we need another equation linking these quantities.
This is found by eliminating the pressure from (2.5a, b) and then equating
terms of order & after substituting for g, 4 and f from (2.9). If we then again
define Gy, and H,, as in (2.10) we obtain

— gy Jofsn). (2.14)

10 10949
(V2= i} [ 2 (oo~ 28] — 0,
; 9 %00 ;
which we solve to get p (hqo) — ~0 = = By ndy(sn), (2.15)

where we have again rejected any 0-dependent solutions. The vanishing of
these solutions would otherwise be obtained on applying the boundary condi-
tions later. The coefficient By, is a function of ¢ and will be determined later.
The solutions of Bessel’s equation which lead to terms in go, and A, singular at
7 = 0 have been rejected. We can eliminate g,, from (2.14) and (2.15) to get an
equation for &y, whose solution which is regular at 9 = 0 is
hoy = (i0) By dy(sn)[dy. (2.16)
We can now substitute for &y, from (2.16) into (2.14) and after multiplying by
7 we can integrate from 0 to 7 to get
Goo = [P0 — 2401 dJo(s7) ] dp][2i0, (2.17)

where we have used the fact that g, is regular at = 0 to show that 9g,, is zero
there. We can repeat the above calculations to show that the order-¢ terms in
the Stokes flow are given by

Jor = *iia- {@}y, cos MO +a}u2sin M6} di” (s7)
= {b pysin MO— sz cos MO} M”sv )
+{0Mlsm MO — cppoc08s MO} M1 4 pgy 9/ 2i0,  (2.18a)
hoy = ;.1—({ {ayn sin MO — ajy, cos MG} ‘ZJE(_S?_)
+— {le cos M0 + by, sin MO} dJ”;n)

+{car1 €08 MO + ¢y sin MO} M- 1~}-b°1de di; ), (2.18b)

for = —Poufto +{ay cos MO +ayy, sin MO} Ty (sy), (2.18¢)
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where a,y,, ete., are functions of { to be determined later and g,,, etc., are defined
by

Gor = Hgor e +Joe "7}, ete. (2.19)
For convenience we have rejected any f-dependent solutions other than those
proportional to cos M8 or sin M 0. The vanishing of these solutions would other-
wise be obtained on applying the boundary conditions. In order to solve for
the unknown functions of { in f,, etc., we must consider the boundary conditions
on the velocity and the pressure. From (2.6), (2.7), (2.9), (2.10) and (2.19) it
follows that these may be written in the form

Foo +€J01 = Poo+ €hoy = Joo+€for = O(e®) at 7 =R+eScosM, (2.20a,b,c)
Dol K) — Poo(0) = —tax, pgy(K)— pgy(0) = 0. (2.20d, e)
We can use (2.12) and (2.18¢) to show that the condition (2.20¢) gives

1 .
O(€?) = — i_o_'{p‘,’“ +€pg1} + {€a sy, 08 MO+ €ay,sin MO}
x {J3;(sR) + €8S cos (MO) Jyy(sR)} + A {Jo(sR) + esST g (sR)},

where from now on a prime on a Bessel function denotes the derivative with
respect to its argument, and we have replaced Jy,(sR + €sS cos M) by its Taylor
series expansion about sR. The validity of this expansion is ensured by (1.5).
The coefficients Ay,, a,, ete., are then found by equating terms proportional to
1,ecos M0, ete. If we then substitute the values of the coefficients obtained by
this process into (2.12) and (2.18¢), we can write f,, and f,, in the form

P, _Jolsn) .

foo = io_{l JO(SR)}, (2.21a)
_ _2’_61 _J0(877) _SSP60J6(3R)'L11(377)005M9

f‘“——ia{l Jo(sR)} o (SR IgsB) (2.218)

We can similarly substitute the expressions (2.16), (2.17) and (2.18a, b) into
(2.20a, b) and expand in powers of €. If we then equate terms independent of
€ and 6§ in (2.20a) we obtain

R> RJ\(sR)) ., NEACT I y
(7~ e | P R 757 P =0 =22
which is the Reynolds equation for the pressure and can be integrated to give
E

P = {3R?— RJ,(sR)/sJy(sR)} (2.23)

The constant E is obtained by integrating both sides of (2.23) from { = 0 to
¢ = K and using (2.20d). We thus obtain

T ¢
b= ﬂa/fo {3R*— RJ,(sR)[sJ,(sR)}" (2.24)

If we equate terms proportional to € and independent of  in (2.20a) we obtain
the Reynolds equation for p,,. If this equation is solved subject to (2.20e) we
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find that pg; = 0. If we equate terms of order unity and independent of 6 in
(2.20b) we find that By, = 0. Similarly we find by equating terms independent
of & of order ¢ in (2.20b) that by, = 0. The coefficients b,;,, etec., are found by
equating terms proportional to e cos M6 and esin M8 in (2.20a, b). We can then
show that

_ Poo [, B(s7) :
Joo = 2,‘:0_{ Jl(SR) H (225@)
_ (" . K(&) MJy(sy)] cos MO
Go1 = [(E) {sarndar 1 (SR) + K(§)} —anpy sy_1(sm) + TR 57 —
(2.25b)
hop = 0, (2.25¢)
(M
hyy, = [_ (‘R) {8 JIy—1(sR)+ K({)}
, K(§) dJy(sy)]sin MO .
+aM18Jm—1(87])+S TR dy ] e (2.25d)
where K¢ = $as [J"(SI]?J;IZ;B(;R Narls ) (2.26)
-1
0 Epw _ _SSh(sR) P (2.26b, c)

0= SeTsB) M T o (sR)y(sE)’

(For more details of the determination of the above expressions see Hall 1973.)

3. Calculation of the steady streaming for large o

When o is large the thickness of the Stokes layer associated with the oseil-
latory motion of the fluid is very small compared with a typical value of the
pipe radius. We first discuss the nature of the Stokes flow for large o. If we use
the asymptotic expansion for Bessel functions of large argument in (2.23) and
(2.24) we can show that

;o _i_oc_ 2f, _ 24, 1
pOO - R2 {IBO_’—R(%O')% (7/0_)_% 0(0 )}’ (31)
K J¢)-1 K(q
where bo = U; Fi} , P1=p? . 73%’ (3.2a, d)

and we now choose a such that & = f51. This is equivalent to redefining the
typical axial velocity U, in terms of the amplitude of the applied pressure
difference. We can then write (3.1) in the form

) 2 2/ }
w=—"5511+——————+0(c1)}. 3.3
Poo Rz{ T RoR Bt T ) (3.3)
If we define a Stokes-layer variable 4" by
7 = (B—7)(}o)}, (3.4)
then by expanding the Bessel functions in (2.21) and (2.25) for large |sp| and
|sR| and using (3.3) we can show that in the Stokes layer

foo ~ (GR®) {1 —exp(—(1+1)7") +O(c— 1)}, (3.5a)
Joo ~ (B'JoR%) {1 —exp(~(1+1)9") +O(c~3)}, (3.5b)
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for ~ [Sexp(—(1+2)9")/(—i0) R2+O(c )] cos M8, (3.5¢)
o1 ~ [SR exp(—(1+1)9')/(—i0) B2+ O(c—1)] cos M0, (3.5d)
hyy ~ O(o™Y). (3.5¢)

If we put § = R’ = 0in (3.5) we see that the flow in the Stokes layer reduces to
the Stokes shear-wave solution for flow in a circular pipe. We can also see from
(8.5) that the order-¢ corrections to the axisymmetric flow have a dominant
term which decays to zero at the edge of the Stokes layer. We shall refer to the
region away from the Stokes layer as the ‘outer’ layer.

If we substitute for g,4,f and p* from (2.9) into (2.5) and equate terms of

order R;; we obtain OP10/0n = 9py10/06 = O, (3.6a, b)
2 Dyo oFy, H00 oF,, oFy,
2_ -_— = —0 _— o ——— .
[V 037] F, ot +{E)0 7 + 20 + Gy b (3.7a)
9 oH,, aFw _
p = (MG) +—=5- 50 +7Ia—§ = 0. (3.70)

We recall that, in §2, F,; and G, represented the axisymmetric solution and
K, Gy, and Hy, gave the order-e non-axisymmetric correction to this solution.
Similarly F, and G, will represent the order-R,, axisymmetric solution and
F,, Gy, and Hy, will give the order-eR,; non-axisymmetric correction to this
solution. Thus we drop the & dependence in (3.7) and put H, = 0. The relevant
boundary conditions for F, and G, are

Fo=06G,=0 at =R, (3.8a, b)
and from (2.7) and (2.9) if follows that
PIO(K)_"PIO(O) = 0. (3.9)

We now solve the axisymmetric problem. If we substitute for F, Gy, and
P,, from (2.10) into (3.6) we can see that Fy,, &, and P, will have both
steady and unsteady components, the unsteady components being propor-
tional to cos 27 or sin 27. Suppose that we denote the steady parts of F,, Gqq
and Py, by f,, g, and p, respectively, then we can use (2.10) and (3.6) to show that

0* 1 2 7

{377 7 377}fs = Pst+ {foo o +foo 6{20+900 g;o'*‘.loo goo (3.10a)
a(ng,)/om +nof,Jo€ = 0. (3.10b)
We shall obtain solutions of (3.10) in the Stokes and outer layers separately
and then match the solutions where the layers meet. We denote f, in the Stokes
and outer layers by fi and f¢ respectively. We can show from (2.21), (2.25),

(2.26), (3.3), (3.4) and (3 10) thatf} and f? satisfy the equations

T fi= 200
o (3o R—7 ]877 T
+ ;175 {n'[cosy’ +sinn']e" +4cosy' e —siny’'e~" —2e~2 + O(c—4)},

(3.11a)

{3?2 U] 6v}f“ (3.110)
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where D, o) = P+ (40%) P9 Poo + Poo Doo}s (3.12)
and it follows from (3.8) that
fi=gi=0 at 9 =0 (3.13a, b)

and f¢ and g¢ must be regular at # = 0. The pressure p, can be shown from (3.9)
to satisfy the following condition:

We can write the solutions of (3.11) in the form
N I L, 2\1 |
fi= 72;{77 2 (20 Ry} + AL, 0)+ B¢, 0)log {R— (5) v }

MYy {n'lcosy’ —siny'le ~bsiny’ eV —cosy' e — e~ + O(0~1)],

(3.15a)

o= 100~ Ry + 0, 0), (3.150)

where 4, B and C are for the moment unknown functions of { and ¢ and we have

rejected solutions of (3.115) which are singular at # = 0. If ff and f? are to match
at the edge of the Stokes layer we require that

A=C, B=q.
Then using (3.13a) we obtain
A = R'[c?R5+ O(c ), (3.16)

and so we can write f¢ and f2 as follows:

@ r !
= Q;{ﬂ 2— (20t Ry'}

+ Tfmfs {n'lcosy’ —siny'le™" — 6siny’ e 7 —cosp' e — e~ + 2+ O(0—1)},
(3.17a)
fo =402 — RY}+ R |o3R5 + O(c ). (3.17b)

In order to find @, and hence p;, we must calculate the radial velocity component.
Suppose that we denote g, in the Stokes and outer layers by ¢t and g¢ respectively.
In the Stokes layer (3.105) becomes

il G ool 2= G ol G ] o e

and in the outer layer we have

o afe
77(7795)+77%—0 (3.18b)

If we substitute for f{ from (8.17a) into (3.18a) and integrate from 0 to a point
%" in the Stokes layer we have
2
= G) ] o
o
3

lO

=) ool G o] -

5 ) 0o {[a- G
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e 9

2 2

1 RI !
1 I - —
+0_% :—251{4} =77 sing’e”” +4cosn’e” +3siny’ e +

R'2 2 % ’ ’ ’ : ’ 4 . ’ ’ ’ 4 on’
NPy [R— (E’) y/ ] {n' {cosn’ —siny’Je" —6siny'e” —cosy’e " —e2}
R?
+¢—3§’+0(07%), (3.190)
where we have used (3.13b) to show that [R—(2/o)}y']gt is zero at 4’ = 0. If
we substitute for f¢ from (3.175) into (3.185) and integrate from 0 to a point 3

still in the outer layer we obtain

792 = — 7’ {n*— 29°R%} + {}OR'R — (R'[203R5)' + O(c- %)} 2, (3.19b)

where we have used the fact that g2 is regular at » = 0 to show that g2 is zero
there. We now explain why we have evaluated only some of the terms of order
ot in (3.19¢, b). The terms of this order which are given explicitly are those
which arise from the order-o—3 terms in f? and f¢ through the equation of con-
tinuity. However, terms of similar order will arise from the order-o—% terms in
fi and f¢, again through the equation of continuity, and these are the terms
which are not given explicitly. The essential physical difference between the
terms is that the latter terms in g, when combined with the order 0~ terms in
fi, give a resultant velocity parallel to the pipe wall, whilst the other terms lead
to a component of velocity normal to the pipe wall. We shall in fact see that in
the evaluation of the stream functions in the Stokes layer up to order o—# the
terms not shown explicitly are not required. If we use the condition that (3.19a, b)
must match at the edge of the Stokes layer we obtain

®'Rt ORR (R' )’R2 R2 9 (R’

O=-— "1 2085 " T OB 2153 \ B

)' +0(c%), (3.20)

which we integrate once to get

O R R 9 ~
Q=" ~ (203133) [1_(20)1&12] +0(o7H), (3.21)

where @ is an unknown constant which we can determine by substituting for ®
from (3.12) into (3.21) and replacing pg, by its asymptotic form (3.3). If we then
integrate from { = 0 to { = K and use (3.14) we find that

Q= {E(IQT;RE+O(U—1!)}/02IT%. (3.22)

Thus if the ends of the pipe have the same mean radius the terms of order ¢—2
in (3.22) vanish. It can in fact be shown that all higher-order terms also vanish
in this case. When @ is not zero, if the dominant outer velocity, which is of course
given by the terms proportional to ¢, is expressed in inner variables it is then
identical to the inner-expansion terms proportional to @, so that as far as the
dominant term in the expansion of the velocity is concerned there is no need to
distinguish between the two regions. If we consider ® and @ as given by (3.21)
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and (3.22) we can use (3.17) and (3.19) to show that f, and g, can be written in
the form

fo = Aol(n?— B*)[02R* + O(09)), (3.23a)
= A,[R'y(n?— BY|o*R5 +O(0 )], (3.230)
_ K dp
where Ay ={RYK)- }/16f (3.23¢)
If we introduce a stream function i, defined by
ﬂfs‘ = al/fe/aﬂ’ n9s = —3‘/’s/3€ (3.244, b)
then we can show that
Ao 10— 29>R? 3 o ox
Y= Z?O?-{_Z%—} +0(c7%), (3.25)

and this represents a steady flow towards the wider end of the pipe.
When @ is zero we can use (3.20) and (3.21) to show that f and ¢i, given by
(3.17a) and (3.19a), may be written in the form

Teosy’ —siny’]e~” —6siny’ e~7 —cosy’ e — e + 24+ O(c 1)},

(3.26a)

. R
Jo= goams

" i 1 R’ ' 72 ’ g ’ g . ’ ’
= Rf;-i—ﬁ (m) {77 sin 7y e +4COS77 e +3sm77 e 1

2l 1 O(c%). (3.26b)

2

We see from (3.26) that the order-o—3 term in (3.266) is just R’ times that in
(3.26 ). Thus at any point in Stokes layer the dominant velocity is parallel to
the pipe wall. We can also show that the order-o—% terms not shown explicitly
in (3.26) similarly represent a velocity parallel to the pipe wall. We define a
stream function ¥ in the Stokes layer by

i__—_(iifi_al/f" T S P
Ji= “ejoirer T R=(geyy) @ fi. (3.27a,b)

We can then use (3.26) to show that

Yl = (—R|26ERY {2y siny’ e 7+ 8cosn' e+ 6siny’ e + e + 4y’
—9+0(c-1)}, (3.28)

and the corresponding stream function in the outer layer is given by

R’ gRI
Q/Ig 20.3R7 {77 —772R2}{1+0 o~ ‘%)} Y {774_2772R2}+0(0-—4)‘ (329)

Thus 12 has been evaluated explicitly only up to order 3. However, we have
shown the order-o—% term proportional to 5*—292R? explicitly since it is re-
quired in order that (3.28) and (3.29) match at the edge of the Stokes layer.
The term of order c—% proportional to 7*—72R? will clearly be of order o—* at
the edge of the Stokes layer and so is not required explicitly for matching up
to order o—%.
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The flux through the pipe associated with (3.28) and (3.29) is clearly zero to
order % since 7, o—i], =g is O(c—4). We recall that @ = 0 corresponds to
the ends of the pipe having the same mean radius. Alternatively if the ends of
the pipe do not have the same mean radius ¢ can be made as small as we please
by letting K tend to infinity in (3.22). The dominant steady streaming is then
given by (3.28) and (3.29). The steady streaming in the high frequency limit when
€ is not zero is evaluated in the appendix.

4. Calculation of the steady streaming for small ¢

When o is small the Stokes layer completely fills the pipe and there is no need
to split the flow field into separate regions. We again solve for the order-Ey,
axisymnmetric steady streaming velocity (g,, 0,f;). We first consider the form of
the Stokes flow for small o. If we expand the Bessel functions appearing in
(2.23) and (2.24) using the series form for Bessel functions of small argument we

obtain Poo = (— 12/ RY) {yo+ 3voto R+ v 10 + O(0?)},

[ (Ed? _ Y3 [¥dg
where YO_{.fo Rﬁ} > ')’1—"? s B¥

and for convenience we choose o = vy L. This is again equivalent to defining the
typical axial velocity U, in terms of the amplitude of the applied pressure
difference. We can then write pg, in the form

. R .
p(’,(,=—é{l+w6 +11w+0(0'2)} (4.1)

Y
and use (2.21) to show that °
foo ~ —i{(n*— R?)[4R%} + O(0),
Joo ~ —{(n*— R?)[4R5} R’ + O(0),
Sor ~ (8/2R3) (n/|RyM cos MO + O(o),

QP! [0\ M4l ; M+ M-1 8
oo~ S () con 0+ 4 {(2) - (3)" ) (o~ S cos 10+ 000,

2R3 \R B R RB®  R?
; M+l M- (8" SRN .

Using the notation of §3 we can see that g,, f, and p, are determined by (3.10)
together with the boundary conditions

fs=9,=0 at n=R, (4.2a, b)

P(K) —ps(0) = 0. (4.2¢)

We also require that g,, f, and p, be regular at = 0. If we now let o tend to zero

in (3.10) and use (2.21a), (2.25a), (4.1) and the series expansion of Bessel func-
tions we can show that

3_2+_1_£ f. =p'+_RL{—n4+2ﬂ2R2—R4}+O(U) (4.3a)
ent mon)’c  TF T IGR® ’

ong,)en+nofsfof = 0, (4.3b)
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and the solution of (4.3a) which is regular at 4 = 0 and satisfies (4¢.2a) is

I = D% 7% — R? B R {298 — 994 R? + 1872R — 11R6}+0(0’). (4.40)
SO 4 1152R?

We can now substitute for f, into (4.3b) and integrate from 0 to 9 to obtain

’

:_p_g 4_9p2R2 —g;'z ’8_62 8NARE — 29212 R
195 =16V 2nR}+4RR77+(4608R9){77 69° K2 + 187 R~ 229° KT

R'®
6 ap2 21 4
+384R3{ 78+ 67 R2— 1192R4} + O(0), (4.4b)

where we have used the fact that g, is regular at # = 0 to show that 7y, is zero
there. If we put 9 = R in (4.4b) and use (4.2b) we obtain the Reynolds equation
for the pressure, which we integrate once to get

16C/R* = p;— R'[32R5+ O(0). (4.4c¢)

C is a constant which, after integrating both sides of the above equation from
{ = 0to { = K and using (4.2¢), is found to be given by

C = 21 R-YK)— R~4(0)} / f * ‘% +0(0) (4.5)
0

and C is therefore of order o if the ends of the pipe are of the same mean radius.
It can easily be shown that all higher-order terms in (4.5) also vanish in this
case. If we introduce the stream function ¥, defined by (3.24) we can show that

L mie2RY R ((q\E(n)° ﬂ)4_ 7)? )
ys_o{ = oot (%) —6(F) +0(F) (%) | +00@). «6)
Thus we see that if R(K) = R(O) there is no net flux through the pipe. We recall

that this was also the case in §3 when R(K) = R(0). The steady streaming in
the low frequency limit when ¢ is not equal to zero is discussed in the appendix.

5. Discussion of results

We have seen that in both the low and the high frequency limits the geometry
of the pipe is crucial in determining the nature of the induced steady streaming.
In particular the difference between the mean radii of its ends plays an important
role. If this difference is zero then the steady streaming consists of regions of
recirculation confined between the nodes of the pipe (i.e. where R’ is zero). If
the ends of the pipe do not have the same mean radius then there is a component
of velocity which represents a steady flow towards the wider end of the pipe.
In the high frequency limit the latter component of velocity in fact dominates
the steady streaming whereas in the low frequency limit the two types of steady
streaming appear at the same order of magnitude in ¢. In order to see why this
is so we return to (3.11a).

We notice that the right-hand side of this equation contains two types of
terms produced by the Reynolds stresses associated with the basic oscillatory
flow. Clearly the term incorporated in @, namely (203)~Yg D00+ Doo Doo}s 18
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uniform across the pipe whereas the term proportional to e=7" is exponentially
small away from the Stokes layer. We can show by replacing the former term
by its asymptotic form for large o that both terms are of order o-3. However
the former term is clearly of order 02 when the corresponding equation in the
outer region is considered, the extra o1 factor in (3.11a) appearing when the
differential operator 92/dn%+7=19/dy is written in terms of #’. The pressure
gradient p; clearly depends on both terms. If we substitute for @ from (3.12)
into (3.21) we can show that

! 16Q 1 P AN ~ 7 ” R 9 _
Ps—pa = *4_0.‘2{P00P00+P00P00}+20_3R3 [1 —(20_)5}3] +0(c-%). (5.1)

’

Hence the Reynolds-stress term independent of %’ in (3.11a) is balanced by an
identical term in the pressure gradient. The other term on the right-hand side
of (5.1) is of order o2 and arises from the terms proportional to e in (3.11a).
Since the first term on the right-hand side of (5.1) is of order o—2 we see that the
two types of Reynolds-stress term in (3.11a) affect p, at different orders in o.

The constant ¢ is determined by there being no net pressure difference between
the ends of the pipe arising from the terms on the right-hand side of (5.1). If the
ends of the pipe have the same mean radius then @ is identically zero. Otherwise
we recall that @ is of order 0—2 and the velocity field is dominated by the terms
proportional to @. The steady streaming is then given by

_ {BYK)— R40)} {n*— B%} (R'y
(gs’ O,fs) - K dC oiRa (__R— ’

IGORT;

0, 1) +0(c %) (5.2)

and we can easily show that the stream surfaces associated with (5.2) are given
b
Y 7=AR, 0<A<L1. (5.3)

A related effect has been reported by Unliiata & Mei (1970), who considered
mass transport in water waves. In the case of a wave tank closed at the far end,
along which there is no net flux, they found that there was an induced steady
pressure gradient. Similarly there is an induced steady pressure gradient asso-
ciated with (3.28) and (3.29) in the high frequency limit and with (4.6) with C
equal to zero in the low frequency limit. However, in our problem this steady
pressure gradient is balanced by an equal and opposite one associated with the
velocity component proportional to that given by (5.1).

In figure 1 we show the steady streaming in a wavy axisymmetric pipe whose
ends have the same mean radius. In figure 2 we show the steady streaming in
the Stokes layer at the pipe wall in more detail. The steady streaming shown in
figure 2 is qualitatively similar to that found by Lyne (19715), who considered
oscillatory viscous flow adjacent to a wavy wall. Our results correspond to the
wavelength of the wall being much greater than both the thickness of the
Stokes layer at the wall and the amplitude of oscillation of a fluid particle far
from the wall. Moreover, Hall (1973) has considered oscillatory viscous flow in
a two-dimensional channel of slowly varying depth. If one of the walls of the
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p=1—4dsin{

Fieure 1. Steady streaming in a pipe defined by 4y = 1 —4sin ¢,
0 << 2 witho?d € 1ando > 1.

Froure 2. Steady streaming in the Stokes layer in a pipe defined by
7 =1-088in, 0 << 2m withotd < 1ando > 1.

channel is taken to be wavy then the steady streaming in the Stokes layer at
the wall is found to be identical to that found by Lyne.

In figure 3 we have sketched the steady streaming given by (4.6) for a pipe
defined by p=1-}exp—({—4)2, 0<{<S8.
The ends of this pipe have the same radius and so C in (4.6) is zero. In contrast
to the high frequency limit we see that there is no region of recirculation near
the pipe wall. The flow is such a pipe might be of some interest as a model for
oscillatory flow in a narrow constricted blood vessel. However, in such a flow
the condition that the pipe radius changes slowly would be violated and so &,
defined by (1.2), would not be small.
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7=1—4 exp
[-(-41

l |
| |
| I
I [
! |
' l
I |

n=
=0 (=4 {=8

Ficure 3. Steady streaming in a pipe defined by
7 =1-}%exp[—({—4)*],0 < { <8, withe <€ 1.

Finally, we compare the order of magnitude of the high frequency steady
streaming given by (3.28) with that found by Lyne (1971a) for oscillatory flow
in a curved pipe. A calculation shows that in the Stokes layers of these flows
the ratio of typical axial steady velocities for flows with basic velocities of similar
order and pipes of similar radius is L/R,, where R, is the radius of curvature of
the curved pipe. Thus we might expect that for flow in a curved pipe of varying
radius the effects of curvature and narrowing are equally important as far as
the Stokes-layer type of steady streaming is concerned. The steady streaming
of the form given by (5.2) would clearly be more important than both the latter
contributions since, as shown by (3.23) and (3.26), this effect appears at lower
order in ¢. It should also be pointed out that the steady streaming evaluated by
Lyne had no component along the pipe.

Let us consider a pipe whose cross-section varies monotonically. The steady
streaming in the high frequency limit will then be dominated by that given by
(5.2) and will represent a steady flow towards the wider end of the pipe. The
streamlines for such a flow will then be as given by (5.3). Lyne (1971 a) discussed
the relevance of his work to the flow in curved part of the human aorta. The
parameters § and o for such a flow are typically of order 0-001 and 10-0 respect-
ively whilst R, is of order 100-0. Thus our theory is not strictly applicable but
it is likely that the effect of narrowing of the aorta is at least as important as the
effect of curvature as far as the steady streaming is concerned.

In the appendix we see that the work of §§3 and 4 can be extended to evaluate
the steady streaming in a pipe which is slightly non-axisymmetric. The results
of the high frequency order-¢R,, calculation show that if R(K) = R(O) then the
steady streaming is confined to the Stokeslayer and has no azimuthal component.
If R(K) + R(O) the steady streaming persists throughout the pipe and is found
to have no azimuthal component of velocity if

S =vyR,
where y is a constant. This corresponds to a pipe of uniform cross-sectional

shape. Full details of the non-axisymmetric steady streaming can be found in
the author’s thesis (Hall 1973).

The author acknowledges the receipt of a Science Research Council main-
tenance grant and the help and guidance of his supervisor, Professor J. T. Stuart.
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Appendix

We now determine the order-¢ corrections to the axisymmetric steady stream-
ing which we evaluated in §§3 and 4. Suppose that we denote the steady parts
of Gy, Hy,, ¥, and P, by G,, H, F, and P, respectively, then we can use (2.5),
(2.9), (2.10) and (2.19) to show that

oP,[on = oF,[00 = 0, (Ala, b)
1 of, of, ofon foo P 8f h af
2 _ Dt 01 00 00, 200 Y01 , %01 Y00
V2F, = Py+ foo +f01 o + G005 an 4 o an +— " 50 +—= 7 50 +c.c., (A2q)
a aH oF,

fotel, =g, +eG, =eH, = 0(?) at 7 =R+eScosM0, (A3a,b,c)
where f, and g, are now assumed known. From (2.7) and (2.9) we can show that

P,

8

(K)—P(0) = 0, (A4)

and if we eliminate p* from (2.5a, b), substitute for g, £, and f from (2.9) into
the resulting equation and equate terms of order €R,, 8 we obtain

{az 1a+132+1 2 gy 26
ot moy y?og* o 1) o0

_1[2 kg kg hgq Ohg,
[877 (77 Fo0 o I e +77foo Frs +77f01'5§‘+h00‘50?

oh i N
+hoy ‘552 + Fgo Gor + hox goo)

agoo l@)agm ho1 900

8901 p

0 og 7]
%0 (goo 3;;1 +9n 87(;0 +foo

Together with the conditions that F, and P, are independent of 6 at 7 = 0 and
G, and H, vary like cos @ and sin 6 there (A2)-(A5) completely specify the prob-
lem for G, H,, F, and P,. The solution of this system is long and tedious and we
briefly summarize the method here. The full details are given by Hall (1973).

The complexity of the right-hand sides of (A2«) and (A5) leads us to consider
the Stokes and outer layers separately again in the high frequency limit. We use
(GL, Hi, Fiyand (G2, H?, F?) to represent (G,, H,, F,) in the Stokes and outer layers
respectively. Equations (A2a) and (A5) are written in appropriate forms for
these layers and solved such that their solutions in different layers match where
the layers meet. If the values of F and F? are then substituted into the equation
of continuity in these layers we obtain equations for G%, Hi, G2 and HY. These
can be solved using the solution of (A5) in each layer to give G%, H:, (% and HY.
If we then apply the conditions that (G, Hi) and (G¢, H?) match at the edge of
the Stokes layer together with (A3) and (A4), all the unknown functions of §
appearing in Fi, F2, (%, etc., can be determined. I'tis again found that the solution
is greatly influenced by whether or not @, defined by (3.21), is zero.

15 FLM 64
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If @ is not zero it is not necessary to distinguish between the two layers and
we can write

R R ey
X

4, M+l (A64)
i- 32 |(3) F R

) } {SR, ol }] sin M6 +O(o—}), (A6b)
F, = (—24,S/0R®)/(n/R)M cos MO + O(c~¥), (A6c)

where A4, is given by (3.23c). However, when @ is zero we must distinguish
between the layers and we have

G = (SR'?/2t08R5) {e~27 + 3siny’e~" — 2cos )’ e~ — 9’ cos 7y’ e} cos MO
+0(073), (A7a)
Hi = 0(c-3), (A7b)
Fi = (SR'[2303R%) {e~2" + 3siny’e~" —2cosn’e~" — 9’ cosy’e~"} cos MO
+0(0-?), (ATc)
G? = H) = F° = O(c73), (A7d, e, f)

and so in this case the dominant steady streaming of order eR,, is confined to
the Stokes layer and has no swirling component. Similarly if we choose S = yR,
where vy is a constant, the dominant steady streaming of order e¢R,,, given by
(3.35), will have no such component. This particular simplification corresponds
to flow in a pipe of constant cross-sectional shape.

In the low frequency limit a similar approach can be used but there is no
need to split the flow into separate regions. The results of performing such a
calculation are particularly complicated even in the special case S = yR and
are not particularly interesting. Details of this solution are given in the author’s
thesis (Hall 1973).
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